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Abstract

Over time, under the action of moving railway vehicles and temperature variations, the rail-
way track deforms both in alignment and especially in the areas of the curves, the degra-
dation process being self-generating. Given that the rehabilitation works of the Romanian 
railways are difficult, monitoring the geometry of the track and carrying out the necessary 
maintenance works in order to restore the geometric elements, respectively improving them 
for maintain traffic speeds are the main concerns of the Romanian Railway Administration. 
This paper studies the variation over time (years) of the geometry of some railway curves 
under the action of railway traffic and highlights the transformations that these curves have 
gone through, with emphasis on changing the geometric characteristics of the transition 
curves following the maintenance works caried out on these railway sections. Although the 
possibilities for improving existing situations on the field have been limited, efforts have 
been made to find optimal ways to redesign these curves. The paper presents the medi-
um-term life cycle, 10-15 years, of some railway curves and proposes some ways of optimiz-
ing the transition between the alignments and the circular curves on the studied areas.
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1 Introduction

Monitoring the geometry of the track and performing the necessary maintenance works in 
order to restore the geometric elements in plan, respectively improving them in order to be 
able to maintain optimal traffic speeds, is the main concern of the Romanian Railway Admin-
istration.
This paper studies the variation in time, between 2008 and 2021, of the geometry of the 
railway curves under the action of rail traffic and highlights the transformations that these 
curves have “undergone”, with emphasis on changing the geometric characteristics of the 
transition curves, following maintenance work that intervened on their geometry.
Several isolated curves were studied on the railway line “Magistrala 300” that connects 
Câmpia Turzii and Cluj-Napoca.
Simple curves were chosen, single-radius curves, and the connection of the circular curves 
with the alignments preceding and succeeding the curves in all cases were cubic parabolas.
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2 Transition curves

2.1 The conditions that a progressive transition curve must meet

A connecting curve between an alignment and a circular curve, or between two successive 
circular curves with different radii, must meet several conditions in order to perform:

 • to achieve a continuous and uniform variation of the centrifugal force;
 • to achieve a continuous and uniform variation of the superelevation (and widening) of the 
track;
 • the above variations should not exceed certain limit values.

Figure 1 The elements of a progressive transition curve

Considering the transition curve defined by a function y = f (x), the above conditions are 
translated more concretely by the following:
1.  The variation of the transition curve should be continuous and uniform along its entire 

length. The function f (x) must therefore be continuous and monotone.
2.  At point AR the transition curve must have a common tangent to the alignment, and at 

point RC the transition curve will have a common tangent to the arc of the circle. The tan-
gent will have a continuous and uniform variation along the entire length of the transition 
curve. Therefore, the function f’(x) (the first derivative) must be continuous and monoto-
nous.

3.  The curvature will have the 0 value at point AR and the value 1/R at point RC. The tangent 
will have a continuous and uniform variation along the entire length of the transition 
curve. Therefore the function f”(x) (the second derivative) must be continuous and mo-
notonous.

4.  The tangent of the superelevation curve must be zero at points AR and RC, i.e., at these 
points the wheels on the outer wire must not produce vertical shocks. The tangent of the 
transition curve represented in the vertical plane must have a continuous and monoto-
nous variation on the length of the transition curve. In most cases the superelevation is 
introduced along the length of the connection curve and is proportional to the value of 
the normal acceleration, i.e., proportional to the value of the curvature. The elevation 
and curvature will have the same law of variation.

5.  The latter condition should be met in case of higher degree curves, used on high-speed 
lines. The lifting acceleration of the wheel on the outer wire should not occur or disap-
pear suddenly along the length of the transition curve. The acceleration will be zero at 
points AR and RC and will vary continuously and monotonously along the length of the 
transition.

In order to perform well, a transition curve must meet, in addition to the condition of provid-
ing comfort, other conditions as well:

 • to ensure high speed traffic;
 •not to have an exaggerated length;
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 • not to cause heavy wear of the rails or wheels;
 • to be easily built in the track;
 • easy to maintain.

These additional conditions impose certain limitations on the cantilever transition curve:
1. the maximum ramp of the superelevation curve must not exceed a limit value;
2.  the speed at which the wheel of the vehicle climbs the ramp must not exceed a certain 

limit value;
3. the acceleration of the superelevation variation must not exceed a certain limit;
4.  the variation over time of the uncompensated superelevation must not exceed a certain 

limit value;
5.  the acceleration of the variation of the uncompensated superelevation must not exceed 

a certain limit value;
6.  the kinetic energy lost when passing from the alignment to the curve must not exceed an 

allowable limit value;
7.  the transition curve must be capable of being traced and maintained;
8. the permissible tracing error must not be exceeded;
9.  to be able to describe the dependence between superelevation and versine; the superel-

evation being proportional to the curvature, it is also proportional to the versine;
10.  the original curve must retain all its properties following homothetic transformations.

2.2 Studied progressive transition curves

A large number of algebraic or trigonometric functions can be found to satisfy the conditions 
listed above. At the time of designing the studied curves, the Romanian Railway Administra-
tion used a progressive transition curve that would correspond best to an optimal traffic and 
at the same time not be difficult to trace or maintain for that period of time. This progressive 
curve is the cubic parabola, which is actually a feature of the clothoid by considering the first 
terms of the parametric equations that define the clothoid.
Other progressive curves were considered in the study. In the following we will briefly present 
the studied progressive curves.

2.2.1 The clothoid (Euler spiral)

The parametric equations that define the clothoid are:

  (1)

  (2)

Where:
L – the total length of the progressive curve;
lx  – the length of the progressive curve from its beginning to a current point on it;
R  – radius of the circular curve.

The angle formed by the tangent to the progressive curve at a current point with the exten-
sion of the alignment is:

  (3)
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2.2.2 The cubic parabola

The use of the exact calculus relations of the clothoid is difficult, so practically the calcu-
lations are made taking into account only the first terms of the parametric equations, thus 
obtaining the relations that define the cubic parabola:

  (4)

  (5)

The cubic parabola is connected with the circular curve at the RC point (fig. 1). At this point 
there is always an ordinate non-closure (yC≠yP) due to the fact that in the parametric equa-
tions of the cubic parabola only the first terms of the development of the clothoid parametric 
equations were taken into account. In order to perfectly connect the cubic parabola with the 
circular curve, a correction is made to the equation of the cubic parabola, the new parametric 
equation being called the improved cubic parabola

  (6)

  (7)

2.2.3 The 4th degree parabola

The parametric equations that define the 4th degree parabola are determined separately on 
each half of the progressive curve. The simplified equations of the 4th degree parabola are 
presented.
For the first half of the progressive curve ( )

  (8)

 x1 = l1x (9)

  (10)

For the second half of the transition, the origin of the coordinate system is transferred to the 
last point of the transition from the first half ( ):

  (11)

 x2 = l2x (12)

  (13)
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2.2.4 The sinusoidal progressive curve

The parametric equations of the sinusoidal progressive curve are:

  (14)

  (15)

  (16)

2.2.5 The cosine progressive curve

The parametric equations of the cosine progressive curve are:

  (17)

  (18)

  (19)

In Figure 2 are represented, for a given length L of the progressive curve, the five types of pro-
gressive curves (cubic parabola, improved cubic parabola, 4th degree parabola, sinusoidal 
and cosine progressive curve).

Figure 2 Comparative graphic for different progressive curves

3 Investigating methods for the studied curves - Principles

The method used to study these railway curves was defined by the data found in the meas-
urement records over the 12-13 years. Because these data refer to measured values of versine 
and superelevation, the method chosen for the study was that of the angular diagram.
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An optimal passing in a curve (C) or group of curves means a corresponding variation of the 
curvature and therefore a continuous variation of the versine at each point of the curve. If the 
curvature variation law of the (C) curve is known:

 fc(l) = 1/r (20)

and knowing that:  dj = dl/r (21)

then:  dj = fc(l) dl (22)

respectively:  j =  fc(l) dl = fj(l) (23)

Knowing the function that defines the variation of the angle f, it can be represented graph-
ically in a system of axes f0l, obtaining the angular diagram for the curve (C). Therefore, if 
the law of variation of the curve is known, the angular diagram for any curve can be drawn.

Figure 3 The curve in plane representation and the angular diagram

If drawing the angular diagram for an undeformed curve for which we know the curvature 
variation law should not be a problem, for a deformed curve (with an irregular shape), the 
angular diagram cannot be determined according to those presented above. In this case, an 
approximate method (Nalenz procedure) is used, which involves determining the elements 
defining the angular diagram from known data such as versine (fi) measured in the middle of 
a string of known length (c) at dividing points materialized in the field at constant distances 
(Dl). To facilitate the calculation, it is approximated that the length of the string and of the 
curve arc between two division points are equal and have the value c/2, respectively the 
curve between two consecutive division points is approximated by an arc of a circle.
In the figures below it can be seen the principle that determines the angle that the tangent 
makes at any point on the curve with the initial alignment based on the measured versine.

Figure 4 Determining the angles according to the versine
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In conclusion, it can be stated that the ordinate in the angular diagram for the point stud-
ied on the curve at the middle of the distance between the division points (i) and (i+1) is 
obtained by summing the versine values up to the division point (i) and multiplying it by a 
constant value of 2/Dl.

  (24)

Obviously, it can be represented on the same graph an angular diagram for a deformed curve 
and a diagram for a designed curve. The differences between the ordinates of the same point 
on the abscissa, drawn at the same scale, represent the angular difference Dfi in the studied 
point. With these differences between the deformed and the projected diagram it is possible 
to find out the repair values in each considered point.

Figure 5 Deformed and designed curve angular diagram (theoretically)

The characteristic of this method is that it uses as a baseline the very initial curve (not re-
tracted) on which the versine values are measured on the outer wire of the curve. Depending 
on the measurement base (distance between dividing points) these values were equivalent 
to a string length of 20 m, i.e., values of versine measured for every 10 m. These arrows are 
summed successively, the partial sums being processed and represented graphically ob-
taining the angular diagram for the deformed curves measured annually between 2008 and 
2021. It has to be mentioned that the measurements were performed approximately in the 
same season of the year.

4 Case study

On the Romanian railway line ”Magistrala 300”, between the cities Câmpia-Turzii and 
Cluj-Napoca, railway track under the leadership of Cluj Regional Railway Administration, sev-
eral curves were studied. The results and conclusions for two of these curves will be present-
ed in this paper:

 •Km 456+600, line 300, track 2, between Câmpia Turzii and Valea Florilor;
 •Km 488+700, line 300, track 1, between Cojocna and Apahida.

The study in time of the geometry variation of these railway curves, due to the action of 
railway vehicles and maintenance works, was made by the angular diagram method based 
on data collected in the field (versine, superelevation) between 2008 and 2021. The calcula-
tions were made by a numerical application developed by the authors of this study. It should 
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be noted that in 2016 the curves on this section of the railway underwent to major interven-
tions and were retracked, which will be seen in the represented annual diagrams.
The angular diagrams for the deformed curves are unique, based on the measurements of 
the versine values. The figures 6 and 7 below show the annual variations of these diagrams.

Figure 6 Deformed curve (km 456+600) angular diagram – period 2008-2013

There is an increasing tendency of the versine value in 2009 and 2013. It can also be seen 
that in 2008 and 2010 respectively the curve was rectified and a closer analysis shows that 
the lengths of the progressive curves - cubic parabolas - were shortened to around 60 m and 
the radius kept at 400 m. For the years 2009 and 2013, following the evolution of the versine 
values and applying a retraction variant for each case, there is a tendency to increase the 
length of the progressive curves to around 80 m to 90 m length.

Figure 7 Deformed curve (km 488+700) angular diagram – period 2008-2013

Figure 8 Deformed curve (km 456+600) angular diagram – period 2016-2021
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It can be seen in the diagram above that after the capital intervention on the line on which 
the studied curve (km 456 + 600) is located, respectively its retraction, the variation of the 
annual value of the measured versine tends to be smaller than before the 2016 intervention.

Figure 9 Comparison of angular diagrams for deformed curves (km 488 + 700) - period 2013-2020 with 
angular diagram for designed curve in 2016.

Analyzing the diagram in Figure 8, it can be observed that in 2016 this curve was retracted 
with a larger radius (318 m compared to the initial 300 m), shown by the fact that the angular 
diagram for the designed curve in 2016 has a smaller inclination than the angular diagram 
for the deformed curve in 2013. This new inclination seems to be maintained in the coming 
years (2019 and 2020), as shown by the diagrams for the deformed curves in these years.
Regarding the angular diagram for the designed curve, they were represented for each an-
nual measurement and compared with the evolution of the curve geometry for the following 
years. The choice of the optimal designed curve must be made very carefully. Thus, in order 
to determine this line, which should correspond to the initial characteristics of the curve, the 
following requirements have been met:

 •Maintain the initial deviation angle between the alignments adjacent to the curve by over-
lapping the end parallels of the EC and CD lines;
 • The final retrack at the last division point should be null. This condition can be met if the CD 
line is chosen in such a way that the sum of the areas between the EC and CD lines, respect-
ing the sign convention, is zero;
 •Choosing the CD line so that it intersects the CE line in as many points as possible in order 
to obtain the smallest possible repairs;
 •As far as possible keep the inclination of the CD line in such a way as to ensure a radius 
approximately equal to the known radius of the curve.

Taking in consideration the curve from km 456+600 and following the geometry evolution of 
this curve after 2016, several retraction variants were designed with the preservation of the 
initial deviation angle between the alignments, the choice of the inclination of the CD line so 
as to keep a radius of 400 m. and ensuring zero final repair. These studied variants show a 
tendency to transform the geometry of the designed progressive curve, based on the meas-
ured versine values, to the type of cosine progressive curve.
In figure 10 below, it can be observed these diagrams, the first for 2016 before the interven-
tion, and the next ones two respectively four years later.
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Figure 10 Angular diagrams evolution for designed curves (km 456 + 600) - period 2016-2020

As can be seen, special attention has been paid to the progressive curves that connect the 
circular curve with the alignments that precede and succeed the curve. In the study, the an-
gular diagrams for the designed curve were represented, taking into account several types of 
progressive curves. As expected, the diagram of the designed progressive curve that “fitted” 
best on the distorted curve diagram was the cubic parabola. However, analyzing the angular 
diagram for the deformed curves, it was observed that the length of these cubic parabo-
las was significantly longer than the initial designed length, respectively the normal length 
provided in the instructions. On the other hand, if we analyze the angular diagram for the 
designed curves of this period of time, we can see that the shape of the progressive curves 
tends to be that of a cosine progressive curve. Since all the progressive curves studied are 
cubic parabolas, which satisfy approximately only three of the conditions mentioned in the 
paragraph 2.1., its scope is established by limiting the errors due to the neglect of the terms 
from the variation law of the clothoid, namely by:

 •Limiting the sudden increase of ordinate Dy <= Dyadm;
 • Limiting the curvature difference DC <= DCadm;
 •Limiting the angular displacement Dr <= Dradm;

Thus, we can say that the maximum length of the progressive curve, in our case the cubic 
parabola, can be calculated from the relation:

 L ≤  (25)

If this condition is not met, an optimized version of the cubic parabola must be adopted, 
which in our literature is called the improved cubic parabola whose parametric equations 
have been highlighted at point 2.2.2 of this paper.

5 Conclusions

Analyzing the data collected in the field (versine), it can be seen that the length of the progres-
sive curve (cubic parabola) applied in the field is greater than the value calculated according to 
the Romanian maintenance instructions, and the two progressive curves, input or output of the 
circular curve, are not equal. For a rectification or retraction of the studied curves, which allows 
to maintain the designed radii or a radius close to the value of the designed one for the circular 
curve, it is necessary to increase the length of the progressive curves.
Taking in consideration that in most of the cases, it is required the use of longer progressive 
curves than the permissible ones for the cubic parabola transition curves, the retraction of 
those curves can be made by using another type of progressive curve, the improved cubic 
parabola or cosine progressive transition curve.
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However, in case of transition with a cosine progressive curve, it must be considered that the 
cosine variation of the curve will also impose the same law of variation on the superelevation 
ramp.
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